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Distance Queries

Problem

1. Start a DFS at r.

Given a tree T, and two vertices r and s, find the distance between r and s.
2. Keep track of the current depth.

3. Return this as answer once you reach s.
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Distance Queries

Given a tree T, and two vertices r and s, find the distance between r and s.

Problem J

1. Start a DFS at r. O (}V |>

2. Keep track of the current depth.

3. Return this as answer once you reach s.

int ans;é:B
void dfs(int u, int depth, int p) { ) (::)
if (u ==3s) { —
ans = depth;
3 R S
for (int v : glul) { // glu] stores the neighbours of u
if (v == p)

continue;
dfs(v, depth + 1, u);

y O
dfs(r,(:) T);
—— _5
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Distance Queries

Problem

Given a tree T rooted a@, answer Q queries. In a query, a verte@

is given, find the distance between r and s. J
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Distance Queries

Problem J

Given a tree T rooted at r, answer Q queries. In a query, a vertex s is given, find the distance between r and s.

1. Start a DFS at r.

2. Keep track of the current depth.

3. Store this depth for each node.

4. Return this stored depth in each query.
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Distance Queries

Problem J

Given a tree T rooted at r, answer Q queries. In a query, a vertex s is given, find the distance between r and s.

1. Start a DFS at r.
2. Keep track of the current depth.
3. Store this depth for each node.

4. Return this stored depth in each query. W lid
int d[N]; M b <
void dfs(int u, int depth, int p) { \StlyllgfﬁA/zy
d[u] = depth; —

for (int v : glul) {
if (v == p)

el Oy +AQ
} ’ J
dfs(r, 0, r);

for (int i = 0; i < q; ++i) {
int s; cin >> s;
cout << d[s] << '\n';

} e
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Distance Queries

Problem

Given a tree T, answer Q queries. In a query, vertices s and t are given, find the distance between s and t. J
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Distance Queries

Given a tree T, answer Q queries. In a query, vertices s and t are given, find the distance between s and t.

Problem J

1. Arbitrarily root the tree at some vertex r.
2. Compute the distance from r as in the previous case.
3. Output d(r,s) + d(r,t) — 2d(r, lca(s, t)).
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Distance Queries

Given a tree T, answer Q queries. In a query, vertices s and t are given, find the distance between s and t.

Problem J

1. Arbitrarily root the tree at some vertex r. C , h/ ’ ,‘,@\[@Z /VB
2. Compute the distance from r as in the previous case. O { v za
3. Output d(r,s) + d(r,t) — 2d(r, Ica(s, t)):&

dfs@ 0, 0);
for (int i = 0; i < q; ++i) {

int s, t; cin >> s >> t;
cout << d[s] + d[t] - 2 * d[lca(s, t)] << '\n';

—_—

légi\/
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Ancestor Queries

Problem J

Given a tree rooted at r, and a vertex s, find the k-th ancestor of s.
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Ancestor Queries

Problem

Given a tree rooted at r, and a vertex s, find the k-th ancestor of s.
1. Start at a DFS at r.

2. For each vertex store its parent.

3. Find the answer by finding the parent of the node k times.
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Ancestor Queries

Problem

Given a tree rooted at r, and a vertex s, find the k-th ancestor of s.

1. Start at a DFS at r.
2. For each vertex store its parent.
3. Find the answer by finding the parent of the node k times.

int p[N]; /® 1 &\ < h/l

void dfs(int u) {

for (int v : glul) {
if (v == plul)7 /' [(/! - !
continue; ‘

o 5 o
AR

ats(r); - ) O 20
for (int i = 0; i < k; ++i) { 6(“/'[,)—@

s = plsl;
}

cout << s;
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Ancestor Queries

Problem

Given a tree rooted at r, answer Q queries. In each query, number m is given, find the 2™-th ancestor of all J
vertices.
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Ancestor Queries

Problem

Given a tree rooted at r, answer Q queries. In each query, number m is given, find the 2™-th ancestor of all
vertices.

The parent relation is a function p: V — V. The query is to find popopo---op= pzm.
N— ———

2™ times

Composition of functions is ar.sociative binary operation.

2" MCM) ald

2
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Ancestor Queries

Problem

Given a tree rooted at r, answer Q queries. In each query, number m is given, find the 2™-th ancestor of all
vertices.

The parent relation is a function p: V — V. The query is to find popopo---op= pzm.
N— ———

2™ times

Composition of functions is an associative binary operation. We can use binary exponentiation!

om 2m71 2m71

p- =p° op
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Ancestor Queries

Given a tree rooted at r, answer Q queries. In each query, number m is given, find the 2™-th ancestor of all
vertices.

Problem J

The parent relation is a function p: V — V. The query is to find popopo---op= pzm.
N— ———

2™ times

Composition of functions is an associative binary operation. We can use binary exponentiation!

p2m _ pszl o pszl. '
J

int £[M1[N]; // flm] is the desired answer YK K" ] > 2
plrl = r; dfs(x); L jL J

for (int u = 0; u < nj; ++u) {

, £[0] [u] = plul; jCZ\\ZCM:g = (f?)(vb

for (int j = 0; j < M - 1; ++j) {
for (int u = 0; u < n; ++u) {

, U 00 - f[\oz(/wj 4&0(}/\) ﬁfz (}A)
> 1= gt LS ATTOTa- o ()
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Ancestor Queries

Problem

Given a tree rooted at r, answer Q queries. In each que
ancestor of s.

r-and a numb. given, find the k-th

J/QC OC_W\“/D
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Ancestor Queries

Problem

Given a tree rooted at r, answer Q queries. In each query, a vertex s and a number k is given, find the k-th
ancestor of s.

Use binary exponentiation. Let k = E,'.';gl b2,

pH(s) = ("7 oo p o o ;f")(s).

<<
b. = 5":00\34

P~ p* (e =fL23 Dy&ﬁﬁslj

2. "=y <[(/\4D mo L &ﬁ»['/]
O (m VI QA m) = @((W]‘l‘@\ ﬂaﬂ/m
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Ancestor Queries

Problem

Given a tree rooted at r, answer Q queries. In each query, a vertex s and a number k is given, find the k-th
ancestor of s.

Use binary exponentiation. Let k = 7 b;2',
k o bp_q2m? by2? by 2! bo2°
p(s)=(p 0-rop?t op™t o p?T)(s).

int £[M][N]; // compute it as in the previous casez
for (int j = 0; j < M; ++j) {
if (k> j & 1)L
s = f[j1[s];

: > Pl =4
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Ancestor Queries

Problem (LCA)

Given a tree rooted at r, answer Q queries. In each query, vertices s and t are given, find their lowest common J
ancestor.
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Ancestor Queries

Problem (LCA)

Given a tree rooted at r, answer Q queries. In each query, vertices s and t are given, find their lowest common
ancestor.

1. Move up s or t such that they both are at the same depth. 1

Z_he smallest k such that p*(s) = p*(t).
3. This p*(s) is the LCA.
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Ancestor Queries

Problem (LCA)

Given a tree rooted at r, answer Q queries. In each query, vertices s and t are given, find their lowest common
ancestor.

1

int
int
int

. Move up s or t such that they both are at the same depth. \/ N)
2. Binary search to find the smallest k such that p*(s) = p*(t). D Q?

. This p*(s) is the LCA.

£[M][N], dIN]; // compute it as earlier
ancestor(int s, int k); // returns the k-th ancestor of s

lca(int s, int t) {

if (d[s] > d[t]) s = ancestor(s, d[s] - d[t]l);

else t = ancestor(t, d[t] - d[s]); ( ([ <L — O(K/@g ’\)>

int 1 = -1, r = n;

while (r - 1 > 1) { ‘263 X2 (%N)
intm= (1 +1r) / 2 OC I\/
if (ancestor(s, m) == ancestor(t, m)) r = m; L < > )
else 1 = m; —

return ancestor(s, r); 3 2 <D ((ﬁﬂ/)
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Ancestor Queries
Binary Lifting

Move up s or t such that they both are at the same depth. J
If both are now equal, this is the LCA. S = t
Binary search to find the largest k such that p*(s) # p*(t). @

Then p*1(s) is the LCA. | S

e n =

3 /O L 9/67 )
I D" e p)
o (D P () el | s
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Ancestor Queries

Binary Lifting

int
int
int

1. Move up s or t such that they both are at the same depth.
2. If both are now equal, this is the LCA.

3.

4. Then p**1(s) is the LCA.

Binary search to find the largest k such that p*(s) # p*(t).

£[M][N], dIN]; // compute it as earlier

ancestor(int s, int k); // returns the k-th ancestor of s
lca(int s, int t) {

if (d[s] > d[t]) s = ancestor(s, d[s] - d[t]); J {
else t = ancestor(t, d[t] - d[s]);

if (s == t) return s; Z;

for (int j = M - 1;

t = £[j1[t];

) ¥ Wi L
return £[0] [sr;J %
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Tree DP

Problem J

Given a tree T, find the longest path starting at u for all vertices u.
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Tree DP

Problem
Given a tree T rooted at r, find the longest pat in th J
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Tree DP

Problem

Given a tree T rooted at r, find the longest path starting at u in the subtree of u.

def . .
C,(u) = set of children of u if we root the tree at r.

def . . .
f.(u) = longest path starting at u in the subtree of u if we root at r, and
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Tree DP

Problem

Given a tree T rooted at r, find the longest path starting at u in the subtree of u.

def . . .

f.(u) = longest path starting at u in the subtree of u if we root at r, and
£ . .

Cr(u) ' set of children of u if we root the tree at r.

We get the relation,

f(u) = 1+ £(v)),
(u) v?c"ff(u)( + f(v))

with f.(v) = 0 for a leaf v. @

int £[N]; ) \
void dfs(int u, int p) { [‘//
flul = 0; &L
for (int v : glul) { /
if (v == p)
continue;’jK

—> dfs(v, w);

i flul = max(f[ul, 1 + £[v]);
L zé—/—Jj [+
dfs(r, r);
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Tree DP

Problem

Given a tree T and a vertex u, find the longest path starting at u.

Let h(u) = longest path starting at u, we see that

h(u)

(W AL
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Tree DP

Rerooting

Problem

Given a tree T, find the longest path starting at u for all vertices u.
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Tree DP
Rerooting

Problem

Given a tree T, find the longest path starting at u for all vertices u

For v € Cu(u), f, and f, are almost the same, for all x ¢ {u, v},

fu(x) = fu(x).

=
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Tree DP
Rerooting

Problem

Given a tree T, find the longest path starting at u for all vertices u.

For v € Cu(u), f, and f, are almost the same, for all x ¢ {u, v},

fo(x) = fu(x).

This happens because C, and C, are almost the same, @
Co(u) = Cy(x) for u ¢ {u, v}§

G (u) Cu(u) \ {v},
=Gy (v)U{u}

£5
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Tree DP
Rerooting

fu(x) = fu(x) for x ¢ {u, v},
Co(u) = Gu(u) \ {v},
C(v) = G(v) U {u}.

We only need to recompute f,(v) and f,(u),

f(u) = max (1+ £ (x))
x€Cy(u) =

=  max 1+ f(x
xeCu(U)\{V}( ( ))

= max (1 —|—=):u-(i<))

b 120Ky pocomfutt S
fu(Qb o dog A %,%ka{)
5 0 Ubj%‘) . O((w()ﬂ‘o(m%
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Tree DP

Rerooting @
S
A \8’ fu(x) = fu(x) for x ¢ {u, v},

];\AQQW‘ C(w) = Cul) \ {v,

W Co(v) = Cu(v) U {u}.

We only need to recompute f,(v) and f,(u), @ @%
) = a1+ ) (J A@ /\ Au

=  max 1+ f(x

L SR A
= max 1+ fu(x)).

xecu<u)\{v}( ( ))7

We consider two cases, if v :Wor not, that is if f,(x) is maximized at v or not. (If there are
multiple values at which it is imized, we arbitrarily pick one to be the argmax.)

1. If it is not the argmax, \/>(
fu(u)= max (14 fu(x)) = max (14 fu(x)) = fu(v). J-ﬁ a ]>

x€Cy(u)\{v} x€Cy(u)
<> ‘ =) Soldug 1)
2. If it is the argmax, this happens only once, so we can just recompute f,(u). -2 } -0
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Tree DP
Rerooting

D
fu(x) = fu(x) for x ¢ {u, v}, 7&%(’

Co(u) = Gu(u) \ {v},
C(v) = Gu(v) U{u}.

We only need to recompute f,(v) and f,(u), @/
7L\/( \/> £(V) = max (1+ £(x) ‘Z

ué_’_
= max(+ (u), max (1+£(x))
_ ) max (14 () M&H”%/(‘“B/

Sl
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Tree DP
Rerooting

int £[N], h[N];
void reroot(int u, int p) {

@ W
hlul = £flul; // at this step, flz] stores fy(x) / ‘9 \<

; I
ngm i, T J
v

if (f[ul == 1 + £[v])
argmax = v; _1

for (auto v : glul) {
if (v == p) continue;
int init_fv = f[v], init_fu = f[ul;
if (argmax == v) { -

flu] = 0;
for (auto x : glul)
if (x '= v)

flul = max(£f[ul, 1 + £[x]);

}
flv] = max(1 + £[ul, £lv]); // now f storesT, f W M ]ﬂ\/

reroot(v, w3

flv] = init_fv; f[u]l = init_fu;
P

}}c._. —

dfs(r, r); // this computes f, and stores it in f
reroot(r, r);
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