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Binary Exponentiation

Problem
Find a" mod m for1 < a,m < 10°% and 1 < n < 1018,
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Binary Exponentiation

For n = 2k,
2
K k—1
2o ()
1 int b = a;
2 for (int 1 = 0; i < k; ++i)
3 b=>b*b % M;
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Binary Exponentiation

For other n, n = (nk_1...n1ng)2.

" = a p 0 L2 H an,2’

int b = a, res = 1;
while (n '= 0) {

-

2

3 if (n & 1)

4 res = res * b % M
5 n >>=1;

6 b * b % 5

7 }
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Binary Exponentiation

For other n, a=3, n=13.

13 = (1101)s.
n=(1101); res=1 b=3
n = (110), res=1x3 b=9
n=(11), res=1x3 b =281
n= (1) res=1x3x 81 b = 6561
n=20 res =1 x 3 x 81 x 6561 b = 43046721
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Generalizing Binary Exponentiation

Only property of multiplication that was used is that it is
associative.
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Generalizing Binary Exponentiation

Only property of multiplication that was used is that it is
associative.
We can replace multiplication with any associative binary operator,

(axb)yxc=ax(bxc).

Rishabh Dhiman (ANCC IITD) Binary and Matrix Exponentiation 18 July 2021 6/19



Generalizing Binary Exponentiation

Example of such operators,
Addition
Matrix Multiplication
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Generalizing Binary Exponentiation
Repeated Addition

Problem

Given a number a and n, find

atat---+a.
N————

n times
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Generalizing Binary Exponentiation

Repeated Addition

1 int b = a, res = 0;

2 while (n '= 0) {

3 if (n & 1)

4 res = res + b;
5 n >>= 1;

6 b =>b + b;

7
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Generalizing Binary Exponentiation

Matrix Exponentiation

Problem

Given a matrix A and a positive integer n, find A".

1 Matrix b = a, res = id;
2 while (n '= 0) {

3 if (n & 1)

4 res = res * b;
5 n >>= 1;

6 b =Db * b;

7
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Application of Matrix Exponentiation

Problem
Find the n-th Fibonacci number modulo m for 1 < n < 1018,
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Application of Matrix Exponentiation

Fn: n—1+Fn—2
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Application of Matrix Exponentiation

Fn: n—1+Fn—2

EARIES
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Application of Matrix Exponentiation

Fol [1 1] [Fas

anl N _]- 0_ an2
1 1) [Fosa
1 0] [Fos
110 Fa
1 o) [Fok
11" A
“ 1o R
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Product-Oriented Recurrence
Codeforces Round #566 Div. 2E

Problem
Compute f,, mod 10° +7 for 1 < n < 108 where,

fo=c?"%.f 1 -fo-f,3forn>4

given fi, f, f3.

Rishabh Dhiman (ANCC IITD) Binary and Matrix Exponentiation 18 July 2021 14 /19



Product-Oriented Recurrence

Codeforces Round #566 Div. 2E

Let f, = &,
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Product-Oriented Recurrence

Codeforces Round #566 Div. 2E

Let f, = &,

an — C2n_6cgn71 an72 an73

_ C2n—6+gn—1+gn—2+gn—3

— 8&n = 2n — 6+gn71 + &n—2 + &n—3
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Product-Oriented Recurrence

Codeforces Round #566 Div. 2E

Let f, = &,

& — 26 8n—18n—2 83
_ C2n—6+gn_1+gn_2+gn—3
— gn=2n—6+gn-1+ 82+ 8n3
= ghntn=gr1+(n—-1)+gr2+(n—-2)+gy3+(n—3)
— hn = hn—l + hn—2 + hn—3

where you define h, = g, + n.
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Product-Oriented Recurrence

Codeforces Round #566 Div. 2E

hn 1 1 17 [hys
hooi| =11 0 0] [hys
hno|l [0 1 0] [hns
11 171" [hs

=11 0 0 ho

0 1 0] h
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Product-Oriented Recurrence

Codeforces Round #566 Div. 2E

Let

ai1 ai12 a3
= (a21 a22 a3
a31 432 ass

O~
= O R
o O =
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Product-Oriented Recurrence

Codeforces Round #566 Div. 2E

hn ail ar awiz| [h3
hn—1| = |a21 ax ax| |h
hn—2 a1 azx a]| |m

= hp, = a11hs + ajohy + aizhy.
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Product-Oriented Recurrence

Codeforces Round #566 Div. 2E

hn ail ar awiz| [h3

hn—1| = |a21 ax ax| |h

hn—2 a1 azx a]| |m
= hp, = a11hs + ajohy + aizhy.

f, = c& = chn—n

— cfuhstanhtaizh—n
a a a
_ (Ch373> n (Chrz) 2 (Chlfl) B Bau+2anta—n

— %311 . f2312 . f1313 . C3311+2312+313—".
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Product-Oriented Recurrence

Codeforces Round #566 Div. 2E

From Fermat's Little Theorem we know that, for a prime p and a
not divisible by p,

n

3 mod p= 3" mod p—1

mod p.

So, compute the matrix modulo 10° 4 6 rather than 10° + 7.
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